We show that the asymptotic dynamics of two-dimensional de Sitter or anti-de Sitter Jackiw-Teitelboim (JT) gravity is described by a generalized two-particle Calogero-Sutherland model. This correspondence is established by formulating the JT model of (A)dS gravity in two dimensions as a topological gauge theory, which reduces to a nonlinear 0+1-dimensional sigma model on the boundary of (A)dS space. The appearance of cyclic coordinates allows then a further reduction to the Calogero-Sutherland quantum mechanical model.
Introduction
There is by now a great deal of evidence that the correspondence between type IIB string theory on AdS 5 × S 5 and N = 4 super-Yang-Mills theory in four dimensions [1] extends to a more general duality between any gravitational theory on anti-de Sitter spaces and conformal field theories residing on the boundary of AdS [2] . Such a duality represents an explicit realization of the holographic principle [3] . In three dimensions, pure Einstein-AdS gravity was known to be related to a two-dimensional conformal field theory [4] even before the advent of the AdS/CFT correspondence. This is based on the fact that pure Einstein gravity in three dimensions can be written as a Chern-Simons theory [5] , which is known to reduce to a WZNW model in presence of a boundary [6] . The boundary conditions for asymptotically AdS spaces [7] provide then the constraints for a Hamiltonian reduction from the WZNW model to Liouville field theory [4] . Recently the equivalence of pure gravity in three dimensions and two-dimensional Liouville theory has been extended in [8] to the case of positive cosmological constant, providing thus an explicit example of the proposed correspondence between de Sitter gravity and Euclidean conformal field theories [9] .
Much less is known for two-dimensional anti-de Sitter gravity [10] , which, in the spirit of AdS/CFT, should have a dual description in terms of a conformal quantum mechanical system [11] 1 . Progress in this direction has been made in [13] , where it was shown that two-dimensional Jackiw-Teitelboim-AdS gravity [14] induces on the spacetime boundary a conformally invariant dynamics that can be described in terms of a de Alfaro-Fubini-Furlan model [15] coupled to an external source.
In the present paper we will derive a correspondence between two-dimensional AdS or dS gravity and a quantum mechanical system in an alternative way, using the fact that the Jackiw-Teitelboim (JT) model can be formulated as a topological gauge theory [16, 17] . It will turn out that, in the same way in which a Chern-Simons theory in three dimensions reduces to a WZNW model in presence of a boundary, this 2d topological gauge theory reduces to a nonlinear σ model on a one-dimensional boundary.
The remainder of this paper is organized as follows: In section 2, the formulation of the JT model of 2d dilaton gravity as a topological gauge theory is briefly reviewed. In section 3, we translate the boundary conditions for asymptotically AdS 2 spaces [18, 19] into conditions for the fields appearing in the gauge theory. In the following section, it is shown that one must add boundary terms to the bulk action in order to have a well-defined variational principle. Since the bulk action is topological, the dynamics of the system is entirely encoded in these boundary terms, which give rise to a nonlinear σ model in 0 + 1 dimensions. In section 5 we perform a further reduction of the σ model to a generalized two-particle Calogero-Sutherland model. This is similar to the familiar Hamiltonian reduction from the WZNW model to Liouville theory. Finally, in section 6, we generalize the considerations of sections 3-5, which refer to AdS gravity, to the case of positive cosmological constant.
Two-dimensional (anti-)de Sitter gravity as a topological gauge theory
It is well-known that the Jackiw-Teitelboim (JT) model [14] of dilaton gravity in two dimensions, with action given by
where η denotes the dilaton and Λ the cosmological constant, can be formulated as an SU(1,1) topological gauge theory [16, 17] . This is similar to the threedimensional case, where pure Einstein gravity can be written as a Chern-Simons theory [5] . Apart from the gauge field, the gauge theory contains also a scalar field Φ in the adjoint of SU (1, 1) . The action reads 2 S = − Tr(ΦF ) , (2.2) where Φ = Φ A τ A and F = F A µν τ A dx µ ∧ dx ν take values in the Lie algebra su(1,1). (The generators τ A are given in the appendix). The field strength is given by
(2.
3)
The action (2.2) is invariant under the gauge transformations
The equations of motion following from (2.2) read
so that the solutions are those of flat SU(1,1) connections in two dimensions, i. e. , locally one can write A µ = g −1 ∂ µ g, with g ∈ SU(1,1). To make contact with gravity, one decomposes the su(1,1) valued scalar and gauge fields according to
where e a µ (a = 0, 1) and ω µ = ω 01µ denote the zweibein and spin connection respectively. λ is related to the cosmological constant by Λ = ∓λ 2 , with the minus sign leading to AdS and the plus sign to dS gravity. The field strength F A µν is written accordingly as
where T a µν will correspond to the torsion tensor, and R µν to the curvature tensor [16, 17] . Vanishing torsion is enforced by the Lagrange multipliers φ a . The equivalence (at the classical level 3 ) of (2.1) and (2.2) has been shown in [16, 17] , so we refer to these papers for the details.
Asymptotic behaviour of the fields
We will now focus on the case of negative cosmological constant. Due to Birkhoff's theorem of two-dimensional dilaton gravity, the general solution to the equations of motion following from (2.1) can be written in the form [21, 22] 
where a and η 0 denote integration constants. Note that due to the presence of the dilaton, which represents a position-dependent coupling constant, the solutions with different sign of a 2 are physically inequivalent [22] . In particular, the solution with positive a 2 represents a black hole with event horizon at r = a/λ.
An asymptotically AdS 2 geometry [18, 19] is one for which the metric behaves for r → ∞ as
The boundary conditions (3.2) must be completed by giving the asymptotic behaviour of the dilaton. As discussed in detail in [19, 23] , the appropriate boundary condition is
with a subleading term of O(r −1 ) [23] . When translated in terms of the fields Φ, A, the boundary conditions (3.2), (3.3) read
5)
where the functions α(t), β(t), γ(t), a(t), b(t), c(t), d(t), that depend only on the boundary coordinate t, parametrize the subleading behaviour 4 . Now some comments are in order. First of all, the asymptotics of the fields φ 0 , φ 1 do not follow from (3.2) and (3.3), but rather can be inferred from the scalar equations of motion (2.6) . Second, although one could consider general boundary conditions allowing for α(t) = β(t), we will define a configuration to be asymptotically AdS 2 if α(t) = β(t). This definition is entirely consistent.
A well-defined asymptotics for the fields Φ and A can be obtained after performing a gauge transformation (2.4), with group element g given by
where f = f (t) denotes a function of t to be specified later. The transformed fields Φ ′ = g −1 Φg and A ′ = g −1 Ag + g −1 dg obey, to leading order, the boundary conditions
For reasons that will become clear in the next section, we would like to have the boundary condition
with κ(t) some function. (3.9) can be obtained from (3.8) by a second gauge transformation, with group element h = exp(iϕ(t)) 0 0 exp(−iϕ(t)) .
(3.10)
The transformed fields Φ ′′ = h −1 Φ ′ h and A ′′ = h −1 A ′ h + h −1 dh will then obey the boundary condition (3.9) if we choose the functions f (t) and ϕ(t) appearing in the transformation matrices g and h as solutions of the differential equationṡ
The function κ(t) appearing in (3.9) is then given by
Note that the functions f (t) and ϕ(t) as well as the proportionality "constant" κ(t) depend on the boundary fields α(t), γ(t), a(t), b(t), c(t) and d(t). In what follows, we will drop the primes on Φ ′′ and A ′′ .
Boundary terms in the action
In the variation of the action (2.2) one encounters a term 2 d 2 xTr(Φ∂ r δA t ) = −2 d 2 xTr(∂ r ΦδA t ) + 2 dtTr(ΦδA t ) .
(4.1)
This means that the action is not an extremum on-shell, instead δS equals the surface term 5 2 dtTr(κ(t)A t δA t ). In order to cancel this, we must add a boundary term to the action (2.2), leading to the improved action
The function κ(t) can be absorbed into the time coordinate by defining dτ = −dt/κ(t).
We recognize the Φ A as Lagrange multipliers implementing the Gauss law constraint F A rτ = 0. In the functional integral one can integrate over Φ to obtain δ(F rτ ), The constraint F rτ = 0 is easily solved by A = g −1 dg 6 . Like in [6] , we now change variables from A to g in the path integral,
We have thus derived an effective action S eff = dτ Tr (g −1 ∂ τ g) 2 (4.5) 5 Here we used the boundary condition (3.9). 6 As we consider the universal covering space of AdS 2 , holonomies can be dropped.
for the problem under consideration. (4.5) describes a nonlinear σ model in 0+1 dimensions.
If we write g ∈ SU(1,1) in the Iwasawa decomposition
the action (4.5) reads
where a dot denotes differentiation with respect to τ . Defining
where i, j = 1, 2, 3 and
is a constant curvature metric on the group manifold SU(1,1). (4.9) admits the six Killing vectors
which satisfy the commutation relations 11) and [L,L] = 0. The Killing vectors generate thus the algebra su(1,1) × su(1,1), corresponding to the invariance of the action (4.5) under g → hgh, with h,h ∈ SU(1,1) independent of τ .
Further reduction
In this section we will show that, due to the presence of cyclic coordinates, the σ model (4.5) can be further reduced to a simple quantum mechanical system.
As the Lagrangian in (4.7) does not depend on u, v, the conjugate momenta
are constants of motion. In order to implement the constraints π u,v = const, one has to go from (4.7) to the reduced action (Routhian function)
i. e. , one has to perform a partial Legendre transformation with respect tou,v. In this way, one finally obtains
which is a generalization of the two-particle Calogero-Sutherland model [24] . The relationship between AdS 2 gravity and the Calogero model was first pointed out in [25] .
Note that the only generators of the conformal algebra (4.10) that commute with π v = L 0 and π u =L 0 are L 0 andL 0 , which means that the conformal symmetry is broken by the reduction to (5.3) . Conformal transformations actually relate different π u,v , and therefore fixing these momenta breaks the invariance under su(1,1) × su(1,1).
Positive cosmological constant
In the case of positive cosmological constant Λ = λ 2 , the general solution to the equations of motion following from (2.1) can be written as
For a more detailed discussion of the geometry of two-dimensional de Sitter space we refer to the appendix. Note in particular that for r > a/λ, r becomes a timelike coordinate 7 , so that the dilaton is now time-dependent outside the static patch.
In what follows, we will be particularly interested in the behaviour of the gravitational fields near the past boundary I − at r → ∞. The boundary conditions for an asymptotically dS 2 geometry can be found by analytically continuing (3.2) and (3.3) . This yields
and η = O(r). Alternatively, one can obtain these boundary conditions by requiring the subleading terms to fall off fast enough to ensure that conserved charges are well-defined, but slow enough to make the theory non-trivial. This singles out the behaviour (6.2) .
At this point, one can proceed analogously to the AdS case, and translate (6.2) into boundary conditions for the gauge field A and the scalar Φ. Again, these conditions turn out to be gauge equivalent to Φ = κ(t)A t , A r = 0, with some function κ(t), as in section 3. Taking into account the boundary terms 8 necessary to have a well-defined variational principle, integrating over the Lagrange multiplier Φ in the path integral, and changing variables from A = g −1 dg to g, one derives also in the dS case an effective σ model action (4.5), which allows a further reduction to the quantum mechanics (5.3) . Note that these one-dimensional models live now in Euclidean space, since the boundaries of dS 2 are spacelike.
Conclusions
To sum up, we showed that the asymptotic dynamics of two-dimensional de Sitter or anti-de Sitter Jackiw-Teitelboim gravity is encoded in a generalized two-particle Calogero-Sutherland quantum mechanical model. We started by formulating the JT model of (A)dS gravity in two dimensions as a topological gauge theory, which, by virtue of the (A)dS boundary conditions, reduces to a nonlinear sigma model on the one-dimensional boundary of (A)dS space. The appearance of cyclic coordinates allows then a further reduction to the quantum mechanical system (5.3). We have thus generalized the known results in three dimensions, where the asymptotic dynamics of pure Einstein gravity with negative [4] or positive [8] cosmological constant is de-scribed by Liouville field theory, obtained as the Hamiltonian reduction of a WZNW model.
It would also be interesting to consider the supersymmetric generalization of the topological gauge theory (2.1) [17] , which is (at least classically) equivalent to an (A)dS supergravity model in two dimensions. These two-dimensional supergravity theories should then have an equivalent description in terms of a superextension of the quantum mechanical model (5.3) . This is currently under investigation.
A. Conventions

A.1 Anti-de Sitter
An element M of the Lie algebra su(1,1) satisfies
where a bar denotes complex conjugation, and (η ab ) = diag(−1, 1). We choose as su(1,1) generators
They are normalized according to
where (η AB ) = diag(−1, 1, 1) is the inner product on the Lie algebra. The generators (A.2) satisfy the relation (A.1), and [τ A , τ B ] = −ǫ ABC τ C , with ǫ 012 = 1.
Finally, dt ∧ dr is chosen to have positive orientation.
A.2 De Sitter
In order to get a positive cosmological constant we interchange τ 0 and τ 1 in (A.2), i. e. , we take
with the normalization
where now (η AB ) = diag(−1, 1, −1). All the other conventions are as in subsection A.1.
B. dS 2 Geometry
Consider R 2 1 with coordinates X 0 , X 1 , X 2 and metric (−1, 1, 1). Two-dimensional de Sitter space can then be defined as the hypersurface −(X 0 ) 2 + (X 1 ) 2 + (X 2 ) 2 = λ −2 .
(B.1)
Fix now
so that (X 2 ) 2 = r 2 /a 2 , and parametrize the hyperbolae of fixed r by
This leads to the induced metric ds 2 = −(a 2 − λ 2 r 2 )dt 2 + (a 2 − λ 2 r 2 ) −1 dr 2 . (B.4)
Note that the coordinate t is noncompact. Alternatively, we can fix (X 1 ) 2 + (X 2 ) 2 = r 2 a 2 + λ −2 , (B.5) so that (X 0 ) 2 = r 2 /a 2 , and parametrize the circles of fixed r by X 1 = 1 λa √ λ 2 r 2 + a 2 cos aλt ,
The induced metric on the hypersurface (B.1) is now ds 2 = −(a 2 + λ 2 r 2 )dt 2 + (a 2 + λ 2 r 2 ) −1 dr 2 .
(B.7)
The coordinate t is now compact, t ∼ t + 2π/λa. The boundaries at r → ±∞ are thus circles. where φ is identified modulo 2π, (B.7) can be rewritten as λ 2 ds 2 = −dτ 2 + cosh 2 τ dφ 2 , (B.9) which describes dS 2 as a contracting/expanding one-sphere. τ → −∞ corresponds to the past boundary I − , whereas τ → ∞ corresponds to the future boundary I + .
